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New Wall Treatment for Numerical Navier-Stokes Solution
of Incompressible Turbulent Flows
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A new treatment of the near-wall region is presented for the numerical computation of two-dimensional and
three-dimensional incompressible turbulent flows. The idea is to enforce conservation of mass and momentum
over a thin layer in the innermost region of the wall viscous layer expressed as an integral condition. The flow
is solved down to the wall with a slip velocity using the Navier-Stokes equations and following the idea of a
pseudolaminar analysis developed by Clauser, and the wall shear stress is imposed as a boundary condition on
the surface. A two-layer model is not required to represent turbulent transport. The inner strip integral method
uses values for the pressure gradient and the velocity and shear at the outer edge of the inner strip from the
Navier-Stokes solution and updates the value for the wall shear stress for the Navier-Stokes solution until
convergence is achieved. This procedure is more soundly based than and is not equivalent to the well-known wall
function method. A computational procedure was developed for flows in or about two-dimensional and
three-dimensional geometries. The Reynolds-averaged Navier-Stokes equations with the Clauser outer region
eddy viscosity model are solved using the finite element method with a penalty formulation in this implementa-
tion of the new approach. The validation of the approach was done by comparing the present numerical
predictions with the measurements of well-known experiments, including cases with strong adverse pressure
gradients. Only 15-20 nodes normal to the wall are required for the Navier-Stokes solution to obtain accurate
predictions.

Nomenclature
A = normalized wall shear stress
Q = constant in modified law of the wall
Cf = skin-friction coefficient
Cmc = slope constant in crosswise velocity profile
d = characteristic dimension
H = upper limit of control volume
rij = normal components
p = pressure
RI = residuals
Red = Reynolds number based on d
HI = velocity components
// = surface tractions
U9 W = orthogonal velocity components
Ue - edge velocity
u, v, w = Cartesian velocity components
u* = friction velocity
xt yt z = Cartesian coordinates
j8w = wall crossflow angle
d = boundary-layer thickness
d* = displacement thickness
61 = streamwise displacement thickness
77 = nondimensionalized normal coordinate
K = law of the wall constant
X = penalty parameter
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jit = laminar viscosity
H,T = eddy viscosity
v - kinematic viscosity
p = density
T = shear stresses

Subscripts
H = upper limit of inner strip
me = maximum crosswise velocity location
w =? wall

Introduction

A CCURATE and numerically efficient treatment of the
very-near-wall region in turbulent flows remains an im-

portant issue. The matter is greatly aggravated for three-di-
mensional flows, where storage and computational time prob-
lems present severe difficulties even for researchers with easy
access to the largest machines. The issue is significant for
three-dimensional boundary-layer methods and much more
critical for three-dimensional Navier-Stokes formulations.

To this point, there have been three general approaches.
The first is simply to enforce the no-slip boundary condition
on the wall and employ a multilayer turbulent transport
model. This quickly leads to the memory and time problems
cited earlier, especially for three-dimensional cases. The sec-
ond and third approaches that have been developed in the past
attempt to alleviate these problems in an approximate way,
and they are similar, but are not the same. One method1 solves
down to the wall and enforces the no-slip boundary condition,
but with a coarse mesh. That precludes finding the wall shear
using a numerically calculated velocity derivative at the wall.
Rather, a velocity profile shape is presumed known in the
form of a law of the wall, and the wall shear is found by
matching the slope in a region away from the wall. The proce-
dure is similar to Clauser's method for finding wall shear from
a measured velocity profile. The other common method is the
so-called wall function method.2 The first point of the numer-
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ical solution is at a location above the wall, and the solution is
matched to a law of the wall velocity profile at that point.
Both of these approximate methods work well for two-dimen-
sional flows over smooth, solid surfaces at low speeds with no
separation where the law of the wall is well known. As soon as
any of these limitations is violated, these methods perform
poorly, because there are no sound, generally accepted exten-
sions to the law of the wall for such cases. This represents a
severe restriction, since, in two-dimensional cases, for exam-
ple, one can easily now use the full formulation, and no
approximate method is needed at all.

Based on the preceding discussion, it was decided that a
new, more general, physically sounder method for treating the
wall zone in an approximate but accurate way was needed,
especially for three-dimensional flows. There are two basic
parts to the new treatment proposed here. The first key con-
cept is the enforcement of conservation of mass and momen-
tum in an integral sense in a thin, innermost zone within the
total wall viscous layer. This is an extension of one part of the
successful Moses integral method for two-dimensional bound-
ary-layer flows.3 The integral method has recently been ex-
tended to three-dimensional boundary-layer flows.4 Here, we
are using these ideas only in the innermost part of the wall
zone and are not restricting the approach to boundary-layer
flows. To enforce conservation of mass and momentum in this
inner layer in an integral sense, it is necessary to have an
assumed velocity profile shape. We have used the well-tested
three-dimensional law of the wall suggested by Johnston. One
might now incorrectly conclude that the proposed new ap-
proach collapses back to the older wall function method. That
is not the case. It is well known that enforcing integral condi-
tions dramatically reduces the sensitivity of the results to the
specific profile shape assumed. In the wall function method
one needs to know the value of the velocity itself at a fixed
point above the wall; doing so requires great precision in the
assumed profile. In the new method we need only the value of
integrals of the velocity profile from the wall up to a point
above the wall; this requires much less precision in the as-
sumed profile. Also, enforcing conservation of mass and mo-
mentum over the whole innermost part of the wall layer will
ensure more realistic results over the wall function method,
which enforces no such global constraint. The numerical solu-
tion for the outer region of the wall viscous layer is coupled to
the inner region solution through the wall shear, which is
imposed as a boundary condition at the wall on the outer
region solution.

The second important part of the new approach concerns
turbulence modeling. The numerical solution for the outer
region is carried down to the wall with an imposed boundary
condition on the shear; this implies velocity slip at the wall and
is reminiscent of Clauser's analysis of the outer region of a
boundary layer, where he developed his outer region eddy
viscosity model treating the outer region flow as pseudolami-
nar with slip velocity at the wall.5 Clauser used the outer
region eddy viscosity model all the way to the wall and found
the wall shear using that value of the viscosity times the
derivative of the pseudolaminar velocity profiles (with slip) at
the wall. That procedure is also adopted here, which means
that only an outer region turbulent transport model is needed.

A complete computational procedure was developed incor-
porating these ideas. The Reynolds-averaged, Navier-Stokes
(RANS) equations are solved using the finite element method
(FEM) with a penalty formulation. The method could as easily
have been used with a finite difference or finite volume
method. The turbulence transport is currently modeled with a
Clauser outer region eddy viscosity model extended to three
dimensions. Other models, such as mixing length, turbulent
kinetic energy (TKE), and A:-e, can be accommodated. The
basic approach developed here is independent of the numerical
method or the turbulence model to be used. About 15-20
nodes across the whole wall viscous layer are sufficient. The
wall shear stress is imposed as a boundary condition at the

wall. First, the Navier-Stokes solver is run with an estimated
value of the wall shear. Second, the pressure gradient and the
velocity and shear at the edge of the thin layer are taken from
the RANS solution and used for the inner layer integral solu-
tion. This yields updated values for the wall shear, which are
used for the next RANS solution. The whole process con-
verges very quickly.

The validation of the method was done by comparing the
present numerical results with the measurements of well-
known two-dimensional and three-dimensional experiments.
Three flows were studied for the two-dimensional analysis: 1)
the flow over a flat plate (Wieghardt-Tillmann), 2) the flow
over a flat surface with a moderate adverse pressure gradient
(Samuel- Joubert), and 3) the flow about an airfoil-like body
with a strong adverse pressure gradient (Schubauer-Kle-
banoff). For the three-dimensional analysis, two flows were
chosen: 1) the flow over a flat surface with a 35-deg sweep
angle under infinite swept- wing conditions in an adverse pres-
sure gradient (Van den Berg-Elsenaar) and 2) the flow over a
flat surface with an adverse pressure gradient in the stream-
wise direction and an induced pressure gradient in the cross-
wise direction (Muller-Krause).

Navier-Stokes Solver
Equations

The mathematical model consists of the continuity equation
and the RANS equations with the Reynolds stresses defined by
the Boussinesq assumption:

= -P + ij + Uj}i)]j

(la)

(Ib)

Turbulence Model
The eddy viscosity model is only required for the outer

region of the viscosity layer. The Clauser outer region model5

was chosen because it has proven adequate in many previous
works and because the extension to three-dimensional analysis
is straightforward. For two-dimensional problems it is defined
as

(2a)

For three-dimensional flows the model was chosen here as

= 0.0168pt/e<5i (2b)

where b\ is the stream wise displacement thickness that can be
evaluated directly by integration of the velocity field.

Finite Element Formulation
The present work uses a weak Galerkin formulation for the

FEM, with the pressure determined by a penalty approach.
The complete details of this formulation are readily available;
thus, only an outline of the technique is presented here.

Substitution of an approximation solution (u*, /?*) into the
equations yields a set of residual equations of the following
form.

Momentum:

Continuity:

(3a)

(3b)

where Rf are the residuals, a measure of the quality of the
approximate solution. The Galerkin method reduces this error
to zero in a weighted sense by making the residuals orthogonal
to some set of functions. The weighting functions pu{ must
satisfy the continuity equation. The continuity equation con-
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straint is enforced by use of a penalty method. The resulting
weak formulation is given by

\uupuu] dD = dS (4)

where A is a positive number whose value affects the accuracy
of the solution. A value of 1Q6-108 usually proves effective.
When the divergence theorem is applied, the natural boundary
conditions involving the surface tractions are introduced:

= I-P + 0* (5)

The pressure appears only implicitly through the surface inte-
grals on the right-hand side of Eq. (4). The only unknowns are
the velocity components. Once the velocity field is obtained,
the pressure may be computed in a postprocessing step from
the following relationship:

p = - \uu (6)

The formulation results in a system of nonlinear algebraic
equations of the following form:

(7)

where AT is the global system matrix, Uis the global vector of
unknown velocities, and F is the global vector of known
boundary conditions. The successive substitution method was
found suitable to solve this system of equations. The lin-
earized system of equations is solved by direct Gaussian de-
composition in a compacted, skyline, out-of-core solver.

For two-dimensional flows the biquadratic velocity, bilinear
pressure quadrilateral element was used, and for three-dimen-
sional flows the trilinear velocity, constant-pressure brick ele-
ment was chosen for reasons of computational economy.

Boundary Conditions
One of the advantages of the FEM is the implementation of

the boundary conditions. One can specify values for the veloc-
ity components or values for the surface tractions. For two-di-
mensional flows the velocity profile was known at the inlet;
therefore, the values for the two velocity components were
used as boundary conditions. For three-dimensional calcula-
tions the velocity was known for the inlet, the sides, and the
top plane; therefore, the values for the three velocity compo-
nents were used as boundary conditions. On all solid surfaces
the wall shear stress components were input along with the
zero normal velocity condition. Traction-free boundary condi-
tions were used at the outlet of the domain and for an external
flow outer boundary.

Two-Dimensional Strip-Integral Formulation
Momentum Integral Equation

Conservation of mass and conservation of momentum
along the x axis are imposed on the control volume of finite
height H and infinitesimal length, neglecting the pressure vari-
ation normal to the wall over the thin inner layer. The integral
equation is then

d \H 2 , d '"— M2 d^ - M«—
dx J0 dx p dx (8)

where UH and TH are the velocity and the shear stress at the
upper limit of the strip, respectively, and TW is the wall shear
stress. The pressure gradient was assumed constant over the
inner strip but not over the whole viscous wall layer; it is
evaluated from the Navier-Stokes solution at midstrip. It is
different from the pressure gradient obtained from an inviscid

solution, and the present method is not restricted to boundary-
layer flows.

Velocity Profile
The applicability of an integral formulation depends on the

parameterized velocity profile or, more specifically, on the
shape of the profile. Good predictions do not require a perfect
representation of the velocity, because the profile is inte-
grated, and part of the error tends to be canceled out. The
integral formulation is obtained for a strip going from the wall
to a location inside the so-called overlap region. Thus, the law
of the wall adequately represents the velocity profile over the
entire strip. The law of the wall is usually written as

(9)

with K = 0.41 and C = 4.9 (Ref. 5). Using d and rearranging
the previous equation, one gets

= A &i(CiARedri) (10)

with

= 3.06, A = , Red = Ued/p9 y=y/d

The parameter A can be interpreted as a normalized wall shear
stress. The usual choice for d is 6. However, in the present
work the characteristic dimension is obtained from the Navier-
Stokes solution, and it is more accurate to extract the displace-
ment thickness than the boundary-layer thickness from the
velocity field. Therefore, the velocity profile used in the inte-
gral equation is

±=A with ri=y/5* ( I D -

Differential Equations
After integration of the velocity profile and expansion of

the derivatives, the following form is obtained for the ordi-
nary differential equation from Eq. (8):

dA
— =f\x, Ue, A, Re8*9

dp
UH) TH, — (12)

All of the information is readily available from the Navier-
Stokes solution except the unknown A. The choice of rjH is
arbitrary. A value in the range [1.0, 3.0] proved effective.

Starting from the initial location where the value of the
skin-friction coefficient is known, the solution is computed
for the normalized wall shear stress along the wall using a
second-order Runge-Kutta space-marching technique.

Three-Dimensional Strip-Integral Formulation
Momentum Integral Equations

Conservation of mass and conservation of momentum in
the x and z directions are imposed on the control volume of
finite height H and infinitesimal base d*, dz, neglecting the
pressure variation normal to the wall. The set of two integral
equations that result written in Cartesian coordinates is then

d [H d ^H F d (H

— u2 dy + — uw dy - UH — I u
3* Jo d z } Q L ^ J o

dy

(13a)

d^ + — 1 uw dy - Wff\ —•/ f i_. i ^ •*•* i f^..
H

-^ + (13V)
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In previous studies it has been shown that streamline, non-
orthogonal coordinates are better suited for the numerical
integration of the three-dimensional momentum integral equa-
tions.

Velocity Profiles
The choice of the parameterized velocity profiles was based

on the study of Olcmen and Simpson.6 Their review showed
that Johnston's model was the best overall. A modified two-
dimensional law of the wall is used for the stream wise velocity,
whereas a "triangular model" relates the crosswise and
stream wise velocities.7 This model adequately represents the
velocity profile over the entire strip. The velocity profiles are,
respectively,

and

or

with

U— = A cos /3W

W U
if

-£l if

Wmc/Ue

(14)

(15a)

(15b)

1 - Umc/Ue)

where t\mc is the location of the maximum crosswise velocity.

Differential Equations
After integration of the velocity profiles and expansion of

the derivatives for the two equations, the following form is
obtained for the partial differential equations from Eqs. (13a)
and (13b):

dA

3A

(16a)

(16b)

where the coefficients and the right-hand sides are functions
of the unknowns (A and /3W) and quantities readily available
from the Navier-Stokes solution. The right-hand sides also
contain all of the derivatives with respect to the crosswise
direction.

This set of equations is hyperbolic, and the characteristics
are located between the external streamlines and the wall
streamlines. The discretization of the surface must obey the
Courant-Friedrichs-Lewy (CFL) condition, which requires
that the computational domain of dependence include the
physical domain of dependence. The numerical integration is
done using a second-order Runge-Kutta scheme. Starting from
the initial location, where the solution is known along the
entire line, the solution is computed for the normalized wall
shear stress and the wall cross flow angle over the wall using a
space-marching technique. Boundary conditions are necessary
at all locations where the flow enters the computational do-
main.

Computational Procedure
A flowchart of the computational procedure for the method

is presented in Fig. 1. First, an inviscid solution is computed
when required. It depends on the information available about
the geometry and the flow conditions for the problem consid-

1 Inviscid

1
Initial Velocity Field

Solution

Initial Guess for
Wall Shear Stress

Eddy Viscosity

t

1

->| Finite Element Navier-Stokes Solution [

Velocity Field
Pressure Field

Displacement Thickness -> Eddy viscosity

Inner Strip Integral Equation

Wall Shear Stress

Fig. 1 Computational procedure for the method.

cf

1.5 2.5

Fig. 2 Samuel-Joubert: skin-friction coefficient along the flat sur-
face.

0.03

0.02-

0.01

0.00
0.5 1.5

Fig. 3 Samuel-Joubert: displacement thickness along the flat sur-
face.

ered and the method available to obtain the initial guess for
the wall shear stress and the eddy viscosity. An integral
boundary-layer method can provide very good first approxi-
mations, reducing the number of iterations to reach the nu-
merically "exact" solution. If an integral method is used, an
inviscid solution is needed to provide an approximate edge
velocity distribution. The inviscid flowfield is also a better
initial velocity field to start the computation of the FEM
Navier-Stokes solution compared to the common choice of a
zero initial velocity field.

The Navier-Stokes solution is then computed using the ap-
proximate distribution for the wall shear stress and the eddy
viscosity. The general purpose FEM program, FIDAP, (Ref.
8), is used as the Navier-Stokes solver here. The values for the
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velocity and the shear stress at the upper limit of the inner strip
are extracted from the computed velocity field. The pressure
gradient at midstrip is also extracted from the pressure field.
With this information a corrected wall shear stress distribution
is computed with the inner strip-integral method. This proce-
dure is repeated until convergence. All computer programs
were run on an IBM 3090 with vector facilities and extended
architecture.

Two-Dimensional Results
A study of three different two-dimensional flows was made

to check the validity and the practicality of the new computa-
tional procedure. These three flows were chosen because the
experiments are well known since being chosen for the valida-
tion of different numerical methods at either the 1968 or the
1980-81 Stanford Conference.9'10

Wieghardt-Tillmann Flow
The first case is the flow over a thin flat plate with the

experimental measurements taken by Wieghardt and Till-
mann.11 Good agreement was observed for both the skin fric-
tion and the displacement thickness.

Samuel-Joubert Flow
The second experiment is the flow over a flat surface with a

moderate adverse pressure gradient performed by Samuel and
Joubert.12 The results for the skin-friction coefficient are
shown in Fig. 2, and the results for the displacement thickness
are shown in Fig. 3. The reader can note the level of agreement
obtained. A deviation is seen near the end of the domain,
when the pressure gradient becomes stronger, and the flow
approaches separation.

0.003

Cf

o.ooo

Fig. 4 Schubauer-Klebanoff: skin-friction coefficient along the body
surface.

0.4

8*

Q.3

0.2-

0.0

Experiment
Present Calculations

Fig. 5 Schubauer-Klebanoff: displacement thickness along the body
surface.

Schubauer-Klebanoff Flow
The last case is the flow about an airfoil-like body with a

strong adverse pressure gradient studied by Schubauer and
Klebanoff.13 The results for the skin-friction poefficient and
the displacement thickness are shown in Figs. 4 and 5. The
degree of agreement achieved with a relatively coarse mesh
over the entire domain even when separation is approached
can be seen.

Three-Dimensional Results
For the three-dimensional analysis two well-known and

fully documented flows were chosen to validate the computa-
tional procedure. A study of three-dimensional turbulent
boundary layers was done for the 1980-81 Stanford Confer-
ence,10 which was followed in 1982 by a EUROVISC work-
shop.14 The same two experimental investigations were chosen
as test cases here for the validation of the new approach.

0.004

Ct

O.Q03-

0.002.

0.000

—•+— Experiment
O CebectfHuang
A Patei

Present Calculation^
——— Streaminel
——— Mid-Streamline

0.5 0.7 0.8
Fig. 6 Van den Berg-Elsenaar: skin-friction coefficient along the
first and middle streamlines.

—••••-- Experiment
D Cebeci/Huang
A Patel

Present Calculations
———— Streaminel
———— Mid-Streamline

0.5 0.6 0.7 0.8 0.9 1.0 x 1.1

Fig. 7 Van den Berg-Elsenaar: wall crossflow angle along the first
and middle streamlines.

0.008

0,004

0.002.

0.000
0.5 0.6 0.7 0.8 0.8 1.0 x t.1

Fig. 8 Van den Berg-Elsenaar: streamwise displacement thickness
along the first and middle streamlines.
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-—••—- Experiment
Q Mueller
A Patel
* Crews

—— Present Calculations

6.t 0,2 0.3 0.4 0.5 0.6 z 0.7

Fig. 9 Miiller-Krause: skin-friction coefficient along z at x - 0.4.
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0.4 0.5 0.7

Fig. 13 Miiller-Kratise: wall crossflow angle along z at x = 0.6.
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Fig. 10 Miiller-Krause: wall crossflow angle along z at x = 0.4.
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Fig. 14 Miiller-Krause: streamwise displacement thickness along z at
x = 0.6.
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Fig. 11 Miiller-Krause: streamwise displacement thickness along z at
x = 0.4.
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Fig. 12 Miiller-Krause: skin-friction coefficient along z at x = 0.6.

Van den Berg-Elsenaar Flow
Van den Berg and Elsenaar15'16 investigated the flow over a

flat surface with a 35-deg sweep angle under infinite swept-
wing conditions in an adverse pressure gradient. The flow was
computed for the first six stations. The results for the skin-
friction coefficient, the wall crossflow angle, and the stream-
wise displacement thickness along two streamlines are shown
in Figs. 6, 7, and 8, respectively, along with the results of two
other differential methods.14

Miiller-Krause Flow
The second case is the flow over a flat surface with an

adverse pressure gradient in the streamwise direction and an
induced pressure gradient in the crosswise direction studied by
Miiller and Krause.17 The skin-friction coefficient, wall cross-
flow angle, and displacement thickness are shown in Figs. 9,
10, and 11, respectively, for the line x = 0.4, and in Figs. 12,
13, and 14, respectively, for the line x = 0.6, along with the
results of three other methods.14

Conclusions
A new treatment of the near-wall region was developed for

the computation of incompressible turbulent flows. By enforc-
ing conservation of mass and momentum in the inner region in
an integral sense, the physics of the flow is better represented
than using the law of the wall in a wall function method. The
flowfield is solved down to the wall with a slip velocity using
the wall shear stress as the boundary condition. The value of
the wall shear stress is corrected using a strip-integral method
applied over a thin inner strip. There is no need for a two-layer
turbulence model. Accurate predictions are obtained using
only 15-20 nodes normal to the wall in the viscous layer. This
is particularly important for three-dimensional computations.

A computational procedure was implemented using the
FEM to solve the RANS equations for two-dimensional and
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three-dimensional problems. The comparison of the present
numerical results with two-dimensional experimental measure-
ments showed comparable agreement for the skin-friction co-
efficient and the displacement thickness with the best compet-
ing differential methods achieved here on much coarser grids.
We judge the three-dimensional results with the present
method to be at least as good as any other method, and some
of the other methods are integral methods utilizing consider-
able empirical input. The results with the present method are
achieved using an approximate, but rational, wall zone treat-
ment that permits using a coarse grid that results in substantial
savings in storage requirements and computational time.

This new idea for the treatment of the wall region is simple
and efficient. It can be practically implemented in a computa-
tional procedure with a finite difference, finite volume, or
finite element method and applied to flows in or about two-di-
mensional and three-dimensional geometries. Any level of
turbulent transport model can be incorporated. Predictions
for three-dimensional problems can be obtained in a reason-
able time considering the much smaller number of nodes re-
quired to describe the flow in the viscous layer. Finally, this
general approach can be readily extended to compressible flow
cases.
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